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ON ASYMPTOTIC TRANSITIVITY IN BANACH SPACES
JARNO TALPONEN
Abstract. We introduce a flexible almost isometric version of the almost
transitivity property of Banach spaces. With the help of this new notion we
generalize to several directions a strong recent rotational characterization of
Hilbert spaces due to Randrianantoanina. This characterization is a partial
answer to the classical Banach-Mazur rotation problem.
1. Introduction
A Banach space X is called transitive if for each x ∈ SX the orbit GX(x) =
{T (x)| T : X → X is an isometric automorphism} = SX. If GX(x) = SX for all
x ∈ SX then X is called almost transitive. The following classical Banach-Mazur
rotation problem, which already appears in Banach’s book [3, p.242], remains un-
solved despite longstanding active research:
Is every separable transitive Banach space X in fact isometrically a Hilbert space?
Various partial answers to this problem are known and together with related
results they already form a substantial theory of rotations in Banach spaces. A
recent comprehensive survey of the field is found in [10]. The following recent
partial answer to the problem is due to B. Randrianantoanina [20, Thm.1.1]:
If X is an almost transitive Banach space, which contains a 1-codimensional
1-complemented subspace Z ⊂ X, then X is isometric to a Hilbert space.
The above result is very general among 1-codimensional characterizations of
Hilbert spaces in terms of rotations, and its proof implicitly applies 1-dimensional
linear closest point selections. One should note that the assumptions of the above
result are isometric in their nature. In this paper we show that the rigidity provided
by the isometric conditions can be relaxed and that the corresponding almost iso-
metric conditions are actually sufficient for the characterization (see e.g. Theorem
2.3 below). As an application we also obtain some additional information about
the structure of projections onto 1-codimensional and other subspaces.
In section 2 we will introduce and study an asymptotic transitivity property
for Banach spaces (see Def. 2.1) which implicitly appears in [16], [6] and [19] in
connection with the universal disposition property (see [11]). In the framework of
rotations this asymptotic transitivity property seems to be a natural generalization
of almost transitivity. Thus the asymptotic transitive setting also yields some new
information about classical almost transitive spaces.
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1.1. Generalities. We will use the following notations. Real Banach spaces are
denoted byX,Y and Z unless otherwise stated. The unit ball and the unit sphere of
X are denoted byBX and SX respectively. The space of continuous linear operators
T : X→ Y is denoted by L(X,Y) (abbreviated to L(X) if X = Y). Denote
Aut(X) = {T ∈ L(X)|T is an isomorphism}.
The Banach-Mazur distance of mutually isomorphic Banach spaces X and Y is
given by
dBM (X,Y) = inf{||T || · ||T
−1|| : T ∈ L(X,Y) isomorphism}.
Spaces X and Y are said to be almost isometric if dBM (X,Y) = 1. Denote the
group of rotations of X by
GX = {T ∈ Aut(X)|max(||T ||, ||T
−1||) = 1}
and the orbit of x ∈ SX by GX(x) = {T (x)|T ∈ GX}. If conv(GX(x)) = BX for all
x ∈ SX then X is called convex-transitive. If for any equivalent norm ||| · ||| ∼ || · ||
such that G(X,||·||) ⊂ G(X,|||·|||) it holds that G(X,||·||) = G(X,|||·|||) then || · || is called
a maximal norm. We denote by I = IX the identical mapping. In a metric space
(X, d) the Hausdorff distance of non-empty sets A,B ⊂ X is defined as
dH(A,B) = sup{dist(a,B), dist(b, A)| a ∈ A, b ∈ B}.
We say that Y,Z ⊂ X are Lp-summands of X if X = Y ⊕ Z, where ||(y, z)|| =
(||y||p
Y
+ ||z||p
Z
)
1
p (respectively max(||y||Y, ||z||Z) for p =∞) for all (y, z) ∈ Y × Z.
We denote this by X = Y ⊕p Z. We write shortly L
p = Lp((0, 1),m), where m is
the Lebesgue measure on (0, 1). For f ∈ X∗ and x ∈ X we let f ⊗ x : X → [x] be
the map y 7→ f(y)x.
For a discussion of basic concepts and results concerning the geometry of the
norm we refer to the first chapter of [13]. Recall that a norm || · || is said to be
Gateaux differentiable at x ∈ SX if there is l ∈ X
∗ such that
lim
t→0
||x+ th|| − 1
t
= l(h)
for every h ∈ X. If || · || is Gateaux differentiable at x ∈ SX and the derivative
above satisfies
lim
||h||→0
||x+ h|| − 1
||h||
− l(h) = 0
then || · || is said to be Fre´chet differentiable at x ∈ SX. Alternatively, the point
x is called above (Gateaux)-smooth, respectively Frechet-smooth. Let us recall the
following two classical results (see e.g. [12, p.92,300]).
Lemma 1.1. (Smulyan) The following conditions (1)− (2) are equivalent:
(1) The norm || · || of a Banach space X is Frechet differentiable at x ∈ SX.
(2) For all (fn), (gn) ⊂ SX∗ such that limn→∞ fn(x) = limn→∞ gn(x) = 1 it
holds that limn→∞ ||fn − gn|| = 0.
Lemma 1.2. (Smulyan) The following conditions (1)− (3) are equivalent:
(1) The norm || · || of a Banach space X is Gateaux differentiable at x ∈ SX.
(2) For all (fn), (gn) ⊂ SX∗ such that limn→∞ fn(x) = limn→∞ gn(x) = 1 it
holds that fn − gn
ω∗
−→ 0 as n→∞.
(3) There is unique f ∈ SX∗ such that f(x) = 1.
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Theorem 1.3. (Bishop-Phelps) The norm-attaining functionals of SX∗ are dense
in SX∗ .
2. Asymptotic transitivity and structures of orthogonal type
Definition 2.1. We say that a Banach space X is asymptotically transitive if for
all x ∈ SX the generalized orbit OX(x) of x defined by
O(x) = OX(x) =
⋂
ǫ>0
{T (x)|T ∈ Aut(X), max(||T ||, ||T−1||) ≤ 1 + ǫ}
satisfies OX(x) = SX.
We will first list some basic facts about asymptotically transitive spaces:
Remark 2.2.
(i) O(x) is norm closed for all x ∈ SX (see also the proof of Prop. 2.4),
(ii) almost transitive spaces are asymptotically transitive (see also [16, p. 239]).
(iii) If X and Y are almost isometric and X is almost transitive, then Y is
asymptotically transitive.
(iv) The convex-transitive space L∞(0, 1) is not asymptotically transitive.
The above claims (i)-(iii) are fairly immediate, where (i) implies (ii). For the last
claim, observe that if T ∈ Aut(L∞) then ess inft|T (x)(t)| ≥ ||T
−1||−1ess inft|x(t)|
for all x ∈ L∞(0, 1). Hence χ[0, 1
2
] /∈ OL∞(χ[0,1]) even though L
∞ is convex-
transitive (see [10, p.17]).
The generalized orbit O(x) and the closure G(x) need not coincide in general
(see Example 5.3), but unfortunately we do not know at the moment any examples
of asymptotically transitive spaces, which are not almost transitive.
Our work in this section is aimed at showing the following main result, which
we will prove after some auxiliary results.
Theorem 2.3. Let X be an asymptotically transitive Banach space such that for
each ǫ > 0 there is 1-codimensional 1 + ǫ-complemented subspace Zǫ ⊂ X. Then X
is in fact isometrically a Hilbert space.
We will first establish some crucial observations. Towards Theorem 2.3 define
the local projectional indices
∧
η
X
,
∨
η
X
: SX → R for y ∈ SX by
∧
η(y) =
∧
η
X
(y) = inf{||I− f ⊗ y|| : f ∈ X∗, f(y) = 1},
∨
η(y) =
∨
η
X
(y) = inf
ǫ>0
sup{||I− f ⊗ y|| : f ∈ (1 + ǫ)BX∗ , f(y) = 1}.
Clearly 1 ≤
∧
η
X
≤
∨
η
X
≤ 2 and
∧
η
Y
≤
∧
η
X
,
∨
η
Y
≤
∨
η
X
pointwise for Y ⊂ X.
Proposition 2.4. For any Banach space X the following holds:
(i) The map
∧
η is uniformly continuous and
∨
η is upper semicontinuous on SX.
(ii) For each x ∈ SX there is f ∈ X
∗ such that f(x) = 1 and ||I−f⊗x|| =
∧
η(x).
Proof. First we check claim (ii). Let x ∈ SX and (fn) ⊂ X
∗ be a sequence such
that fn(x) = 1 and ||I− fn ⊗ x|| ≤
∧
η(x) + n−1 for each n ∈ N. Note that
||fn|| = ||fn ⊗ x|| ≤ 1 + ||I− fn ⊗ x|| ≤ 1 +
∧
η(x) + n−1,
so that (fn) ⊂ 5BX∗ . By the Banach-Alaoglu theorem (5BX∗ , ω
∗) is compact, and
thus there exists a ω∗-cluster point f ∈ 5BX∗ for the sequence (fn) ⊂ 5BX∗ . Clearly
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f(x) = 1 and it is not difficult to check that ||I−f⊗x|| ≤ lim supn→∞ ||I−fn⊗x|| =
∧
η(x), so that the proof of claim (ii) is complete.
Next we will make some general observations. Since 1 ≤
∧
η ≤
∨
η ≤ 2, we may
assume without loss of generality as above, that each rank-1 map h ⊗ z, where
h ∈ X∗, z ∈ SX, appearing in this proof satisfies ||h ⊗ z|| ≤ 5. Let 0 < ǫ <
1
5
and x, y ∈ SX be such that ||x − y|| = ǫ. Let f ∈ X
∗ be such that f(x) = 1
and ||f || ≤ 5. Define S ∈ L(X) by S = I + f ⊗ (y − x). Note that S(x) = y.
Since ||x − y|| = ǫ < 15 we obtain that |f(x) − f(y)| ≤ ||f || · ||x − y|| < 1. Thus
f(y) > 0. Hence Ker(f) ⊕ [x] = Ker(f) ⊕ [y] = X as x, y /∈ Ker(f). Clearly
S|Ker(f) = I|Ker(f). Thus S : Ker(f) ⊕ [x] → Ker(f) ⊕ [y] is a bijection. Note that
||v − S(v)|| ≤ |f(v)| · ||x− y||. Thus
||S|| ≤ ||I||+ ||I− S|| ≤ 1 + ||f || · ||x− y|| ≤ 1 + 5ǫ(2.1)
||S−1|| ≤ (1− ||f || · ||x− y||)−1 ≤ (1− 5ǫ)−1,(2.2)
since ||Sv|| ≥ ||v|| − ||v − Sv|| ≥ (1 − ||f || · ||x− y||)||v|| for v ∈ X. Hence
(2.3) max(||S||, ||S−1||) ≤ δ(ǫ),
where δ(ǫ)
·
= max(1 + 5ǫ, (1− 5ǫ)−1) for 0 < ǫ < 15 . From (2.1) and (2.2) it follows
that
(2.4) ||I− S−1|| = ||(I− S)S−1|| ≤ ||I− S|| · ||S−1|| ≤
5ǫ
1− 5ǫ
.
Note that since P = f⊗x : X→ [x] is a linear projection then so is S◦P ◦S−1 : X→
[y]. Moreover,
(2.5) ||S ◦ S−1 − S ◦ P ◦ S−1|| ≤ ||S|| · ||I− P || · ||S−1|| ≤ δ(ǫ)2||I− P ||.
Note that above δ(ǫ) → 1 as ǫ → 0+, so that by (2.5) the map
∧
η is uniformly
continuous.
For the case
∨
η we observe that by (2.3) and the fact that S−1(y) = x it holds
for all α ∈ [0, 1] that
(2.6) (S−1)∗({f ∈ (1 + α)BX∗ |f(x) = 1}) ⊂ {g ∈ (1 + α)δ(ǫ)BX∗ |g(y) = 1}.
Hence by applying (2.3), (2.6), (2.1) for g and (2.4) respectively, we obtain that
sup{||I− f ⊗ x|| : f ∈ (1 + α)BX∗ , f(x) = 1}
≤ δ(ǫ) sup{||(I− f ⊗ x)S−1|| : f ∈ (1 + α)BX∗ , f(x) = 1}
≤ δ(ǫ) sup{||S−1 − g ⊗ x|| : g ∈ (1 + α)δ(ǫ)BX∗ , g(y) = 1}
≤ δ(ǫ) sup{||S−1 − g ⊗ y|| : g ∈ (1 + α)δ(ǫ)BX∗ , g(y) = 1}+ (1 + α)δ(ǫ)ǫ
≤ δ(ǫ) sup{||I− g ⊗ y|| : g ∈ (1 + α)δ(ǫ)BX∗ , g(y) = 1}+ (1 + α+
5
1−5ǫ)δ(ǫ)ǫ.
Let z ∈ SX and (zn) ⊂ SX be a sequence such that ||z − zn|| = βn → 0 as n→∞.
By the preceding estimate we obtain that
(2.7)
sup{||I− gn ⊗ zn|| : gn ∈ (1 + βn)BX∗ , gn(zn) = 1}
≤ δ(βn) sup{||I− g ⊗ z|| : g ∈ (1 + βn)δ(βn)BX∗ , g(z) = 1}
+(1 + βn +
5
1−5βn
)δ(βn)βn
→
∨
η(z) as n→∞,
so that lim supn→∞
∨
η(zn) ≤
∨
η(z), that is, the upper semicontinuity of
∨
η on SX. 
Proposition 2.5. Suppose that X is an asymptotically transitive Banach space.
Then
∧
η and
∨
η are constant functions.
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Proof. Suppose that x, y ∈ SX. By the asymptotic transitivity of X there is a
sequence (Tn) ⊂ Aut(X) such that Tn(x) = y and max(||Tn||, ||T
−1
n ||) ≤ 1 + n
−1
for each n ∈ N. By part (ii) of Proposition 2.4 there is f ∈ X∗, f(x) = 1 such that
||I− f ⊗ x|| =
∧
η(x). Define gn = f ◦ T
−1
n for n ∈ N. Then gn(y) = 1 for n ∈ N, so
that
∧
η(y) ≤ lim sup
n→∞
||I− gn ⊗ y|| ≤ lim sup
n→∞
(||Tn|| · ||I− f ⊗ x|| · ||T
−1
n ||) =
∧
η(x).
By symmetry we obtain that
∧
η(x) =
∧
η(y).
In the case of
∨
η suppose similarly as above that (fn) ⊂ 2BX∗ is a sequence so
that fn(x) = 1 for each n ∈ N, ||fn|| → 1 and ||I − fn ⊗ x|| →
∨
η(x) as n → ∞.
Then putting gn = fn ◦ T
−1
n , n ∈ N, as above yields the claim. 
Proof of Theorem 2.3. In the case dim(X) ≤ 2 the claim is clear. For the case
dim(X) ≥ 3 recall that a combination of [2, Lemma 13.1] and [2, Criterion 13.4’]
yields the following characterization of Hilbert spaces:
A Banach space E, dim(E) ≥ 3, is isometrically a Hilbert space if and only if for
all e ∈ SE there is f ∈ E
∗ such that f(e) = 1 and ||I− f ⊗ e|| = 1.
By combining Propositions 2.4 and 2.5 we obtain the above condition in our case.

One should note that the above result was anticipated (in the almost transitive
setting) in F. Cabello’s unpublished Ph.D. thesis [5]. See also [1, Prop. 1.5] for a
related result.
Proposition 2.6. Suppose that X is asymptotically transitive and Frechet-smooth.
Then
∨
η = C, a constant function, and ||I − P || = C for any 1-dimensional linear
projection P ∈ L(X) such that ||P || = 1.
Proof. Let y ∈ SX. Suppose that the sequence (gn) ⊂ 2BX∗ is chosen as in the
proof of Proposition 2.5 for
∨
η. Then an application of the Frechet-smoothness
together with the Smulyan lemma gives that gn
||·||
−→ g as n → ∞ for the unique
g ∈ SX∗ such that g(y) = 1 and g⊗y = P . We obtain that ||I−gn⊗y|| → ||I−g⊗y||
as n → ∞. Thus ||I − g ⊗ y|| =
∨
η(y). This yields the claim, since
∨
η is a constant
function by Proposition 2.5. 
It turns out (see Theorem 3.1 below) that in the asymptotically transitive setting
rather mild geometric conditions, for example the Frechet-differentiability of the
norm at some point x ∈ SX, already imply the Frechet-differentiability of the norm
at all y ∈ SX.
3. Asymptotic transitivity and the geometry of the norm
We will show that in the case of asymptotically transitive spaces some suitable
control of the convexity or of the smoothness of the unit ball actually quarantees
simultaneously uniform convexity and uniform smoothness. We will use some con-
cepts and results about the geometry of the norm, for a discussion of which we
refer to [13, Ch.1]. Denote closed slices by S(BX, f, α) = {x ∈ BX|f(x) ≥ α}
for f ∈ SX∗ , 0 ≤ α ≤ 1. It is said that BX is dentable (respectively BX∗ is
ω∗-dentable) if
inf
f∈SX∗ ,
0<α<1
diam(S(BX, f, α)) = 0 (resp. inf
x∈SX,
0<α<1
diam(S(BX∗ , x, α)) = 0).
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The point x ∈ SX is strongly exposed by f ∈ SX∗ if f(x) = 1 and
infα<1 diam(S(BX, f, α)) = 0. Recall that the local modulus of convexity
∆X : SX × [0, 1)→ R is defined by
∆X(z, ǫ) = inf{1− λ ∈ [0,∞)| there is v ∈ X such that ||v|| ≥ ǫ, ||λz ± v|| ≤ 1}
for z ∈ SX and 0 ≤ ǫ < 1. Note that ∆X(z, 0) = 0 for each z ∈ SX.
Theorem 3.1. Let X be an asymptotically transitive Banach space. If BX is
dentable or BX∗ is ω
∗-dentable, then X∗ is also asymptotically transitive, and both
X and X∗ are uniformly convex and uniformly smooth.
Proof. We will first prove the following auxiliary technical claim:
Claim. Suppose that X and Y are Banach spaces and x ∈ SX, y ∈ SY. If
T : X→ Y is a linear isomorphism such that T (x) = y, then
(3.1) ∆Y
(
y,
ǫ ·∆X(x, ǫ)
||T−1||(||T ||+∆X(x, ǫ)− 1)
)
≤ ∆X(x, ǫ).
We apply the convention 00 = 0 in the fraction in the left side of the formula above.
Indeed, to verify the claim, let us use the same notations as in the definition of ∆X.
Observe that min(||T ||, ||T−1||) ≥ 1. The claim holds trivially if ǫ · ∆X(x, ǫ) = 0.
Suppose that 0 < ǫ < 1, ∆X(x, ǫ) > 0 and write 1 − λ = ∆X(x, ǫ). Observe
that 0 ≤ λ ≤ 1. Let (vn) be a sequence such that ||λx ± vn|| ≤ 1, n ∈ N, and
lim infn→∞ ||vn||X ≥ ǫ.
Define an auxiliary mapping φ : R→ (0,∞) by φ(t) = 1−λ
t−λ if t > 1 and φ(t) = 1
otherwise. Write T (vn) = wn, n ∈ N. Fix n ∈ N.
We aim to prove the following subclaim:
(3.2) ∆Y(y, αn||wn||) ≤ ∆X(x, ǫ),
where αn = minθ=±1 φ(||λy + θwn||). Indeed, since h 7→
||λy+hw||−λ
h
is a non-
decreasing map for each w, we obtain by substituting h = 1−λ||λy+wn||−λ once
||λy + wn|| > 1 that∣∣∣∣∣∣λy + 1−λ||λy+wn||−λwn
∣∣∣∣∣∣− λ
1−λ
||λy+wn||−λ
≤ ||λy + wn|| − λ.
Consequently∣∣∣
∣∣∣λy + 1−λ||λy+wn||−λwn
∣∣∣
∣∣∣− λ
1− λ
≤ 1, and hence
∣∣∣∣∣∣λy + 1− λ
||λy + wn|| − λ
wn
∣∣∣∣∣∣ ≤ 1.
Hence we obtain for wn in general that
||λy + φ(||λy + wn||)wn|| ≤ 1
and similarly
||λy − φ(||λy − wn||)wn|| ≤ 1.
Observe that {h ∈ R : ||λy+ hwn|| ≤ 1} ⊂ R is a compact interval that contains 0
by the basic properties of || · ||Y. Moreover, the previous estimates give that
[−φ(||λy − wn||), φ(||λy + wn||)] ⊂ {h ∈ R : ||λy + hwn|| ≤ 1}.
In particular we obtain that
[−αn, αn] ⊂ {h ∈ R : ||λy + hwn|| ≤ 1}
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and
||λy ± αnwn|| ≤ 1.
Hence we have proved the subclaim (3.2).
Observe next that
||λy ± wn|| − λ = ||T (λx± vn)|| − λ ≤ ||T || − λ = ||T ||+∆X(x, ǫ)− 1
since by assumption ||λx ± vn|| ≤ 1 and ∆X(x, ǫ) = 1− λ. Thus
(3.3)
∆X(x, ǫ)
||T ||+∆X(x, ǫ)− 1
≤ min
θ=±1
( 1− λ
||λy + θwn|| − λ
)
= αn.
Note that above ||T || − 1 ≥ 0 and hence ∆X(x,ǫ)||T ||+∆X(x,ǫ)−1 ≤ 1. Since ||wn|| ≥
||vn||
||T−1|| ,
where lim infn→∞
||vn||
||T−1|| ≥
ǫ
||T−1|| and ∆Y(y, ·) is non-decreasing by definition, we
obtain by combining (3.2) and (3.3) that
∆Y
(
y,
ǫ ·∆X(x, ǫ)
||T−1||(||T ||+∆X(x, ǫ)− 1)
)
≤ ∆X(x, ǫ),
which is the Claim.
Let x, y ∈ SX. Then ∆X(x, ·),∆X(y, ·) : (0, 1) → R are non-decreasing maps.
Thus they are continuous a.e. with respect to the Lebesgue measure m on (0, 1)
and
m({t ∈ (0, 1)| both ∆X(x, ·) and ∆X(y, ·) are continuous at t}) = 1.
Let t0 ∈ (0, 1) be such a point of joint continuity. Then by the asymptotic tran-
sitivity of X there is a sequence (Tn) ⊂ Aut(X) such that Tn(x) = y, n ∈ N,
and ||Tn|| · ||T
−1
n || → 1 as n → ∞. It follows from the claim and symmetry that
∆X(x, t0) = ∆X(y, t0). We conclude that ∆X(x, ·) and ∆X(y, ·) coincide m-a.e.
Hence
(3.4) lim
t→s−
∆X(x, t) = lim
t→s−
∆X(y, t)
for all s ∈ (0, 1) and (x, y) ∈ SX × SX.
Consider first the case where BX is dentable. Fix sequences (fn) ⊂ SX∗ and
(αn) ⊂ (0, 1) such that αn → 1 and diam(S(BX, fn, αn)) → 0 as n → ∞. The
norm-attaining functionals of SX∗ are dense subset by the Bishop-Phelps Theorem
(see Theorem 1.3), so that we can find norm-attaining functionals (gn) ⊂ SX∗ such
that ||fn− gn|| <
1−αn
2 for n ∈ N. Then S(BX, gn, αn+
1−αn
2 ) ⊂ S(BX, fn, αn) for
n ∈ N. Let (xn) ⊂ SX be such that gn(xn) = 1 for n ∈ N.
The fact that
(3.5) ∆X(xn, ǫ) ≥ inf{1− λ|diam(S(BX, gn, λ)) ≥ ǫ} for all 0 < ǫ < 1
is a consequence of the following observation: if λxn ± v ∈ BX, ||v|| ≥ ǫ, then at
least one of λxn ± v is contained in S(BX, gn, λ), so that diam(S(BX, gn, λ)) ≥ ǫ.
Hence, by choosing ǫ = 2diam
(
S
(
BX, gn, αn +
1−αn
2
))
in (3.5) we obtain that
∆X
(
xn, 2diam
(
S
(
BX, gn, αn +
1−αn
2
)))
≥ inf
{
1− λ| diam(S(BX, gn, λ)) ≥ 2diam
(
S
(
BX, gn, αn +
1−αn
2
))}
> 1−
(
αn +
1−αn
2
)
, n ∈ N,
where we used the fact that diam(S(BX, gn, λ)) ≥ 2diam
(
S
(
BX, gn, αn +
1−αn
2
))
implies that λ < αn +
1−αn
2 . Let us summarize the facts established so far:
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∆X(x, ·) = ∆X(y, ·) holds m-a.e. for each pair (x, y) ∈ SX × SX, these maps are
non-decreasing and ∆X(xn, ǫn) > 0 for n ∈ N, where ǫn
·
= 2diam(S(BX, gn, αn +
1−αn
2 ))→ 0 as n→∞. By (3.4) we get that limt→ǫ−n ∆X(x, t) = limt→ǫ−n ∆X(y, t) >
0 for any x, y ∈ SX, n ∈ N. Hence we conclude that infx∈SX ∆X(x, t) > 0 for all
t > 0. It follows easily that X is uniformly convex.
Observe that if X is uniformly convex then X andX∗ are reflexive. In particular,
X∗ has the Radon-Nikodym Property (RNP), so that BX∗ is dentable (and actually
ω∗-dentable, since SX = SX∗∗). We refer to [13, Ch.1] for more information about
the well-known geometric concepts and results used here.
Consider next the case where BX∗ is ω
∗-dentable. We claim that X∗ is asymp-
totically transitive. Let (zn) ⊂ SX ⊂ SX∗∗ be a sequence such that
diam
(
S
(
BX∗ , zn,
1
1+2−n
))
→ 0 as n → ∞. Suppose that f, g ∈ SX∗ are norm-
attaining functionals and x, y ∈ SX are such that f(x) = g(y) = 1. Since X
is asymptotically transitive, there exist sequences (Tn), (Sn) ⊂ Aut(X) such that
T−1n (x) = S
−1
n (y) = zn and max(||Tn||, ||T
−1
n ||, ||Sn||, ||S
−1
n ||) < 1 + 2
−n for n ∈ N.
Since
T ∗nf
||T ∗nf ||
,
S∗nf
||S∗nf ||
∈ S
(
BX∗ , zn,
1
1 + 2−n
)
, n ∈ N,
we obtain that ||T ∗nf − S
∗
ng|| → 0 as n → ∞. Hence ||(T
∗
n)
−1S∗ng − f || → 0 and
max(||(S∗n)
−1T ∗n ||, ||(T
∗
n)
−1S∗n||) → 1 by assumption as n → ∞. By the Bishop-
Phelps Theorem the norm-attaining functionals are dense in SX∗ , and since O(h)
is norm closed for all h ∈ SX∗ , we get that X
∗ is asymptotically transitive. Thus
an application of the first part of the proof gives that X∗ is uniformly convex.
We conclude that in both our casesX andX∗ are reflexive. It follows by applying
the RNP together with the previous arguments that in fact both X and X∗ are
asymptotically transitive and uniformly convex. HenceX andX∗ are also uniformly
smooth. 
4. Projections onto subspaces of Lp
In this section we obtain, perhaps surprisingly, some information about the clas-
sical Lp spaces that appears to be new. Note that the Lp spaces are in particular
asymptotically transitive as they are almost transitive (see e.g. [10, p. 8]). Hence
the main idea here is to apply the rotational structure of Lp to study its other types
of structures.
Let us fix some notations and recall some results, which are applied in this
section. For 1 < p <∞ we denote Lp = Lp(0, 1), by 1 ∈ Lp∪Lp
∗
the unit function.
Write Mp = Ker(1) ⊂ Lp, where we consider 1 ∈ Lp
∗
. Similarly we consider
2
1
p∗ χ[0,2−1] as a functional in L
p∗ . Recall Lamperti’s result that in Lp it holds that
(4.1) ||x+ y||pp + ||x− y||
p
p = 2(||x||
p
p + ||y||
p
p)
if and only if the essential supports supp(x) and supp(y) are disjoint (see e.g. [14,
p.163]). Recall also that a continuous linear projection P : X→ Y, Y ⊂ X, which
satisfies ||P || = inf{||Q|| : Q : X → Y is a linear projection} is called a minimal
projection.
Theorem 4.1. For 1 ≤ p ≤ ∞ denote
αp = sup
t∈(0,1)
(tp−1 + (1 − t)p−1)
1
p (tp
∗−1 + (1− t)p
∗−1)
1
p∗ − 1,
1
p
+
1
p∗
= 1.
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Suppose that P : Lp → [x], x ∈ SLp , is a linear projection. Then the following
conditions are equivalent:
(1) ||P || = 1.
(2) ||I− P || = 1 + αp.
(3) I− P : Lp → Ker(P ) is a minimal projection.
Proof. The case p = 2 is clear. Let us consider the case 1 < p < ∞, p 6= 2. By
applying Proposition 2.6 we have that if ||P || = 1 then ||I−P || = ||I − 1⊗ 1||. On
the other hand, by [21, Thm.6] every linear projection Q onto a 1-codimensional
subspace Z ⊂ Lp satisfies ||Q|| ≥ ||I− 1⊗ 1||. The exact value
||I− 1⊗ 1|| = max
t∈[0,1]
(tp−1 + (1 − t)p−1)
1
p (tp
∗−1 + (1− t)p
∗−1)
1
p∗ > 1
was calculated by Franchetti in [9, Thm. 3]. Observe that by the Riesz Lemma,
the Hahn-Banach Theorem and the weak compactness of BLp there is for each
1-codimensional subspace Z ⊂ Lp a point y ∈ SLp and a linear 1-dimensional
norm-one projection P : Lp → [y] such that Ker(P ) = Z. Finally, recall that in
a uniformly convex space each minimal linear projection Q, ||Q|| > 1, onto a
1-codimensional subspace is in fact unique, see [17, p.28].
The case p ∈ {1,∞} follows directly e.g. from the fact that L1 and L∞ have the
Daugavet property: Whenever T : Lp(0, 1) → Lp(0, 1), p ∈ {1,∞}, is a compact
operator, then it holds that ||I+ T || = 1+ ||T || (see e.g. [23, p. 78]). On the other
hand αp = 1 for p ∈ {1,∞}. Observe that any non-trivial projection P satisfies
||P || ≥ 1. Hence ||I−P || ≥ 2 and equality holds if and only if I−P is minimal. 
The following result which is obtained by applying some classical facts about
rotations of Lp, has also some nice consequences (see Theorem 4.3 below).
Proposition 4.2. Let Z1, Z2 ⊂ L
p be 1-codimensional subspaces, where
1 < p <∞. Then Z1⊕pL
p = Z2⊕pL
p isometrically. Moreover, exactly one of the
following holds isometrically:
(1) Z1 = Z2.
(2) Either (2a) Z1 = Z1 ⊕p L
p or (2b) Z2 = Z2 ⊕p L
p (but not both).
Observe that the second condition above does occur, see Example 4.5 below.
Proof. The case p = 2 is clear, so let us consider the case p 6= 2. Since Lp is reflexive,
there exists by a standard application of the Riesz lemma and the weak compactness
of BLp points x, y ∈ SLp such that dist(x, Z1) = dist(y, Z2) = 1. By the Hahn-
Banach theorem there are f, g ∈ SLp∗ such that Ker(f) = Z1, Ker(g) = Z2 and
f(x) = g(y) = 1.
We apply the fact that there are exactly two disjoint orbits in SLp :
(4.2) {x ∈ SLp |m(supp(x)) = 1} and {x ∈ SLp |m(supp(x)) < 1},
(see [3, p.178]). Hence there exists a rotation T ∈ GLp(0,2) for which T ((x, 0)) =
(y, 0) under the identification (x, 0), (y, 0) ∈ Lp⊕pL
p = Lp(0, 2). The corresponding
support functionals are f˜ = (f, 0), g˜ = (g, 0) ∈ Lp
∗
⊕p∗ L
p∗ = Lp
∗
(0, 2). Since
Lp(0, 2) is smooth, it follows that f˜ = g˜ ◦ T . Hence
Z1 ⊕p L
p = Ker(f˜) = Ker(g˜ ◦ T ) = Ker(g˜) = Z2 ⊕p L
p
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isometrically, which is the first part of the claim. This also means that the con-
ditions (2a) and (2b) are mutually exclusive in the case where Z1 and Z2 are
non-isometric.
If T ∈ GLp is such that T (x) = y then because of the smoothness of L
p we have
as above that f = g ◦ T , so that
(4.3) Z1 = Ker(f) = Ker(g ◦ T ) = Ker(g) = Z2
isometrically. Suppose that Z1 and Z2 are non-isometric. Then by relabelling we
may assume without loss of generality that
(4.4) m(supp(x)) = 1 and m(supp(y)) < 1.
This means that 2
1
pχ[0, 1
2
] ∈ GLp(y). Hence we obtain that Ker(g) is isometric to
Mp ⊕p L
p. Clearly (Mp ⊕p L
p) ⊕p L
p and Mp ⊕p L
p are isometric. Thus (2b)
holds. 
Note the difference between the Lp-summands appearing in the proposition
above and the 1-complemented subspaces appearing in the next theorem.
Theorem 4.3. Let 1 < p < ∞ and Z ⊂ Lp be a finite codimensional sub-
space. Then there is a subspace N ⊂ Z isometric to Lp such that N ⊂ Lp is
1-complemented.
Proof. We first verify the following claim.
The space Mp contains an isometric copy of Lp which is 1-complemented in Lp.
Indeed,
N = {f ∈Mp| f(t) = −f(2−1 + t) for a.e. t ∈ [0, 2−1]}
is such a subspace. Note that T : N → Lp(0, 2−1) given by T : f 7→ 2
1
p f|[0,2−1] is an
isometric isomorphism. The required projection P : Mp → N is given by P (f)(t) =
2−1(f(t) − f(2−1 + t)) for t ∈ [0, 2−1] and P (f)(t) = −2−1(f(t − 2−1) − f(t)) for
t ∈ [2−1, 1]. Indeed, clearly P is a linear projection. To verify that ||P || = 1 we use
the obvious estimate |a− b| ≤ 2
1
p∗ (|a|p + |b|p)
1
p to obtain that
||Pf ||pp =
∫ 2−1
0
|P (f)(t)|p dt+
∫ 1
2−1
|P (f)(t)|p dt
= 21−p
∫ 2−1
0
|f(t)− f(2−1 + t)|p dt
≤ 21−p2
p
p∗
∫ 2−1
0
|f(t)|p + |f(2−1 + t)|p dt = ||f ||pp.
Hence ||P || = 1 and we have the Claim.
Suppose that Z1 ⊂ Z2 ⊂ ... ⊂ Zn = L
p are subspaces such that dim(Zi/Zi−1) =
1 for all i− 1, i ∈ {1, ..., n}. We proceed inductively.
Step 1. In what follows we apply Proposition 4.2 together with its proof. We know
that Zn−1 is isometric toM
p orMp⊕pL
p. Recall that according to the observations
(4.2) and (4.3) by applying a suitable rotation T : Lp → Lp we may assume without
loss of generality that Zn−1 ⊂ L
p is Mp or Ker(2
1
p∗ χ[0,2−1]).
If Zn−1 = M
p the previous claim gives a linear norm-1 projection
Pn−1 : L
p → Nn−1, where Nn−1 ⊂ Zn−1 is an isometric copy of L
p.
If Zn−1 = Ker(2
1
p∗ χ[0,2−1]) the operator Pn−1 : L
p → {f ∈ Lp|f|[0,2−1] ≡ 0 a.e.}
defined by Pn−1(f) = χ[2−1,1]f is also a linear norm-1 projection onto.
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Hence, in both the cases there exists a linear norm-1 projection
Pn−1 : L
p → Nn−1, where Nn−1 is an isometric copy of L
p.
Step 2. Observe that dim(Nn−1/Nn−1 ∩ Zn−2) ≤ 1. Since Nn−1 is isometric to L
p
we may apply Step 1 to conclude that there exists a subspace Nn−2 ⊆ Nn−1∩Zn−2,
which is isometric to Lp and 1-complemented in Nn−1. Denote the corresponding
norm-1 projection by Pn−2 : Nn−1 → Nn−2.
We continue in this manner to define subspaces Nn−1 ⊃ Nn−2 ⊃ ... ⊃ N1 which
are isometric to Lp together with the norm-1 projections Pi−1 : Ni → Ni−1 for
i − 1, i ∈ {1, ..., n}. Hence N1 ⊂ Z1 is the required subspace isometric to L
p and
P1 ◦ P2 ◦ ... ◦ Pn−1 : L
p → N1 is the corresponding norm-1 projection. 
Recall that Lp is primary, that is, if Lp = M⊕N , then eitherM = Lp or N = Lp
isomorphically (see e.g. [15, 2.d.11]). Hence we know that in the following result
Ker(P1) is isomorphic to Ker(P2). The crux of the following result is that Ker(P1)
and Ker(P2) below are almost isometric. Thus we obtain examples of subspaces
of Lp (hence both uniformly convex and uniformly smooth), which are mutually
non-isometric but still almost isometric (see Example 4.6).
Theorem 4.4. Let n ∈ N, 1 < p < ∞, p 6= 2 and suppose that Y1, Y2 ⊂ L
p
are isometric copies of ℓpn or of ℓ
p. Then there exist unique linear projections
P1 : L
p → Y1, P2 : L
p → Y2 such that ||P1|| = ||P2|| = 1 and Ker(P1) and Ker(P2)
are almost isometric.
Proof. We consider only the case where Y1 and Y2 are isometric copies of ℓ
p, since
the argument for the other cases is similar. Denote by S : ℓp → Y1 the corresponding
isometry and put eˆk = S(ek), k ∈ N, for the unit vector basis (ek) ⊂ ℓ
p. Since S is
an isometry we obtain by the characterization (4.1) that the vectors eˆk ∈ L
p, k ∈ N,
have pairwise disjoint essential supports. It is then a well-known fact that there is
a normalized sequence (eˆ∗k) ⊂ L
p∗ , where supp(eˆ∗k) = supp(eˆk) for k ∈ N, such that
P (x) =
∑
k∈N
eˆ∗k(x)eˆk
defines a norm-1 projection Lp → span({eˆk|k ∈ N}). By the result of Beauzamy
and Maurey [4, Pf. of Prop. 5] this projection P is unique because Lp is smooth.
Hence we may partition [0, 1] =
⋃
k∈N Ak, where A1 = [0, 1] \
⋃
k≥2 supp(eˆk),
A2 = supp(eˆ2), A3 = supp(eˆ3),... Note that supp(eˆ
∗
k) ⊂ Ak for k ∈ N. For
each eˆ∗k |Ak ∈ L
p∗(Ak) it holds that Ker
(
eˆ∗k |Ak
)
⊂ Lp(Ak) is a 1-codimensional
subspace.
Under the above notations one can write
Ker(P ) =
⊕
k∈N
Ker
(
eˆ∗k |Ak
)
⊂ Lp,
where the direct sum is understood in the ℓp-sense. It suffices for the claim to show
that
dBM
(
Ker
(
eˆ∗k |Ak
)
,Ker
(
1|Ak
))
= 1
for any k ∈ N, where we consider 1|Ak ∈ L
p∗(Ak). Indeed, if Tk : Ker
(
1|Ak
)
→
Ker
(
eˆ∗
k |Ak
)
, k ∈ N, are isomorphisms such that ||Tk|| ≤ 1 + C2
−k, C ≥ 0, and
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||T−1k || = 1, then also
T =
⊕
k∈N
Tk :
⊕
k∈N
Ker
(
1|Ak
)
→
⊕
k∈N
Ker
(
eˆ∗k Ak
)
,
(where the direct sums are in ℓp-sense) satisfies that ||T−1|| = 1 and ||T || ≤ 1+C.
Above the domain and the range of T , respectively
⊕
k∈N
Ker
(
1|Ak
)
and Ker(P ) lie
in Lp. Even though the estimate above is by no means sharp, it is suitable for the
argument at hand.
Fix k0. We proceed to show that dBM
(
Ker
(
eˆ∗
k0 |Ak0
)
,Ker
(
1|Ak0
))
= 1. As
Lp(Ak0 ) and L
p(0, 1) are isometric, we may assume without loss of generality that
Ak0 = [0, 1]. Since L
p is asymptotically transitive, there is by definition a sequence
(Tk) ⊂ Aut(L
p) of automorphisms such that Tk(eˆk0) = 1 for all k ∈ N and such
that max(||Tk||, ||T
−1
k ||)→ 1 as k →∞. Observe that (I− 1⊗ 1)|Ker(1) = I|Ker(1).
Define Sk ∈ L(L
p,Ker(1)) for k ∈ N by Sk = (I−1⊗1)◦Tk. Since eˆ
∗
k0
◦T−1k (1) = 1
for k ∈ N and ||eˆ∗k0 ◦ T
−1
k || → 1 as k →∞ we obtain by the Frechet-smoothness of
Lp and the Smulyan lemma (see Lemma 1.1) that 1− eˆ∗k0 ◦ T
−1
k
||·||
−→ 0 as k → ∞.
Hence we get that
Tk ◦
(
I− eˆ∗k0 ⊗ eˆk0
)
− Sk =
(
I−
(
eˆ∗k0 ◦ T
−1
k
)
⊗ Tk(eˆk0)
)
◦ Tk − Sk
=
(
I−
(
eˆ∗k0 ◦ T
−1
k
)
⊗ 1
)
◦ Tk − (I− 1⊗ 1) ◦ Tk
||·||
−→ 0 as n→∞.
This observation justifies the fact that for large enough k it holds that
codim
(
Sk
(
Ker
(
eˆ∗k0
)))
= codim
((
I− eˆ∗k0 ⊗ eˆk0
) (
Ker
(
eˆ∗k0
)))
= 1.
Since codim(Sk(L
p)) = 1 for k ∈ N, we obtain that for sufficiently large k it holds
that Sk
(
Ker
(
eˆ∗k0
))
= Sk(L
p), so that the map S
k |Ker
“
eˆ∗
k0
” : Ker
(
eˆ∗k0
)
→ Ker(1) is
onto. Observe that
max
(
||Tk ◦
(
I− eˆ∗k0 ⊗ eˆk0
)
|Ker
“
eˆ∗
k0
” ||, ||(Tk ◦
(
I− eˆ∗k0 ⊗ eˆk0
)
|Ker
“
eˆ∗
k0
”)−1||
)
→ 1
as k→∞, and on the other hand that
(Tk ◦
(
I− eˆ∗k0 ⊗ eˆk0
)
)
|Ker
“
eˆ∗
k0
” − S
k |Ker
“
eˆ∗
k0
” ||·||−→ 0 as k →∞.
Thus the restriction S
k |Ker
“
eˆ∗
k0
” : Ker
(
eˆ∗k0
)
→ Ker(1) is an isomorphism for suffi-
ciently large k, and moreover
max(||S
k |Ker
“
eˆ∗
k0
”||, ||(S
k |Ker
“
eˆ∗
k0
”)−1||)→ 1 as n→∞.
Hence dBM
(
Ker
(
eˆ∗k0
)
,Ker(1)
)
= 1. 
Example 4.5. The subspace Mp ⊂ Lp for 1 ≤ p <∞, p 6= 2, is not isometrically
of the form N ⊕p L
p for any closed subspace N 6= {0}.
Assume to the contrary that Mp = N ⊕p K isometrically for some non-trivial
subspaces N,K ⊂ Lp, where K is isometric to Lp. By using the disjointness
condition (4.1) we obtain that there exists a measurable decomposition [0, 1] = A∪B
such that for any functions f ∈ N and g ∈ K it holds that supp(f) ⊂ A and
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supp(g) ⊂ B. Indeed, assume to the contrary that there are f ∈ N and g ∈ K such
that m(supp(f) ∩ supp(g)) > 0. Then (4.1) gives that
||f + g||pp + ||f − g||
p
p 6= 2(||f ||
p
p + ||g||
p
p).
But this contradicts the fact that ||f ± g||pp = ||f ||
p
p + ||g||
p
p.
Hence
∫
A
f dt =
∫
B
g dt = 0. This states that
Mp =
{
f ∈ Lp|
∫
A
f dt =
∫
B
f dt = 0
}
.
But this is a contradiction since there exist a, b ∈ (0,∞) such that∫
[0,1] aχA − bχB dt = 0 and hence aχA − bχB ∈M
p. 
Example 4.6. The subspaces Ker (1) and Ker
(
2
1
p∗ χ[0,2−1]
)
of Lp are almost
isometric but not isometric.
We may apply Theorem 4.4 for 1-dimensional subspaces to obtain that the sub-
spaces above are almost isometric. Observe that Ker
(
2
1
p∗ χ[0,2−1]
)
= Mp ⊕p L
p
isometrically. On the other hand Ker (1) does not have such an isometric decom-
position according to Example 4.5. Hence Ker (1) and Ker
(
2
1
p∗ χ[0,2−1]
)
are not
isometric. 
5. Concluding remarks
Next we will give an asymptotic analogue of the following known comparison
principle (see [10, p.16]):
For a convex-transitive space (X, || · ||) the condition G||·|| ⊂ G|||·||| for some equiv-
alent norm ||| · ||| ∼ || · || implies that ||| · ||| = c|| · || for some constant c > 0.
First we introduce asymptotic anologues for the expressions ’G||·||’ and ’G||·|| ⊂
G|||·|||’. For a Banach space (X, || · ||) we denote
F||·||(δ) = {T ∈ Aut(X, || · ||) : max(||T ||, ||T
−1||) ≤ 1 + δ}
for δ ≥ 0. We denote the increasing family {F||·||(δ)}δ≥0 by F||·||. If || · || and ||| · |||
are norms on X, then the condition that for each ǫ > 0 there exists δ > 0 such that
F||·||(δ) ⊂ F|||·|||(ǫ) will be denoted by F||·|| << F|||·|||.
Proposition 5.1. Let (X, || · ||) be an asymptotically transitive normed space and
let ||| · ||| be any norm on X. If F||·|| << F|||·|||, then ||| · ||| = c|| · || for some c > 0.
Proof. Let x, y ∈ S||·|| be such that |||x||| ≤ |||y|||. The assumptions yield that for
each ǫ > 0 there exists δ ∈ (0, ǫ) such that F||·||(δ) ⊂ F|||·|||(ǫ). The asymptotic
transitivity of (X, || · ||) implies that there is for each δ > 0 an automorphism
T ∈ F||·||(δ) such that T (x) = y. This means that
|||y||| − |||x||| ≤ (|||T ||| − 1)|||x||| ≤ ǫ|||x|||.
Since ǫ was arbitrary, we obtain that |||x||| = |||y|||. Since x, y ∈ S||·|| were arbitrary,
we conclude that ||| · ||| = c|| · || for some c > 0. 
We would like to stress the significance of the following problem.
Problem 5.2. Does there exist an asymptotically transitive Banach space X, which
is not almost transitive?
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The following example shows that for a given x ∈ SX the generalized orbit O(x)
does not necessarily coincide with the closure of the regular orbit G(x).
Example 5.3. Let p ∈ (1,∞), p 6= 2, and M,N ⊂ Lp be the 1-codimensional
spaces appearing in Example 4.6. Recall that M and N are almost isometric and
non-isometric. Put
X = (M ⊕p R)⊕1 (N ⊕p R).
We apply notation (f, a, g, b) ∈ X, where f ∈ M , g ∈ N and a, b ∈ R. Since M
and N are almost isometric there is for each ǫ > 0 an automorphism S : X → X
such that max(||S||, ||S−1||) ≤ 1 + ǫ and S((0, 1, 0, 0)) = (0, 0, 0, 1). Fix T ∈ GX.
We claim that
T ((M ⊕p R)⊕1 ({0} ⊕p {0})) = (M ⊕p R)⊕1 ({0} ⊕p {0}).
Observe that (f, a, 0, 0), (0, 0, g, b) ∈ SX are exactly all the extreme points of
BX. Clearly T preserves extreme points. Hence T ((f, a, 0, 0)) has either the form
(f1, a1, 0, 0) or (0, 0, g1, b1). For any (f1, a1), (f2, a2)⊂ M ⊕p R \ {(0, 0)} such that
(f1, a1) /∈ [(f2, a2)] it holds that ||(f1, a1) + (f2, a2)||M⊕pR < ||(f1, a1)||M⊕pR +
||(f2, a2)||M⊕pR. Hence T ((M⊕pR)⊕1({0}⊕p{0})) is either (M⊕pR)⊕1({0}⊕p{0})
or ({0}⊕p {0})⊕1 (N ⊕pR). Observe that the set {±(0, 1, 0, 0),±(0, 0, 0, 1)} can be
defined in purely metric terms. Indeed, for z ∈ {±(0, 1, 0, 0),±(0, 0, 0, 1)} there does
not exist x, y ∈ X \ {0}, x /∈ [y], such that x + y = z and ||z||r
X
= ||x||r
X
+ ||Y ||r
X
for any r ∈ {1, p}. It is easy to see that there do not exist such atoms in SX
apart from {±(0, 1, 0, 0),±(0, 0, 0, 1)}. Thus, if T ((M ⊕p R) ⊕1 ({0} ⊕p {0})) =
({0} ⊕p {0}) ⊕1 (N ⊕p R) then T ((0, 1, 0, 0)) = ±(0, 0, 0, 1). But this gives that
T ((M ⊕p {0})⊕1 ({0} ⊕p {0})) = ({0} ⊕p {0})⊕1 (N ⊕p {0}), which is impossible
since N and M are non-isometric. 
The fact thatMp andMp⊕pL
p are almost isometric leads to asking ifMp could
be somehow exhausted by successive almost isometric embeddings of Lp. Hence the
following problem rises.
Problem 5.4. What is dBM(M
p, Lp)?
Let us mention some further related open problems. The question has been raised
in [24], [18] and [7] whether every Banach space admits an equivalent maximal norm.
Another natural question of an opposite flavour is whether everymaximally normed
Banach space, which is isomorphic to a Hilbert space, is in fact isometric to one.
This is actually a stronger formulation of the following problem, which appears in
[6, p.100].
Problem 5.5. Suppose that X is an almost transitive Banach space which is iso-
morphic to a Hilbert space. Does it follow that X is in fact isometric to a Hilbert
space?
Note that if T : X → H is an isomorphism, then we can consider the version
C = T (BX) ⊂ H of BX. With the aid of Theorem 2.3 the above problem reduces
to the following one, which concerns merely the geometry of convex bodies situated
in Hilbert spaces:
Problem 5.6. Let H be a Hilbert space and C ⊂ H a closed convex bounded subset
such that C = −C and 0 ∈ int(C). Does there exist for each ǫ > 0 a hyperplane
Aǫ ⊂ H and y ∈ H such that
distH(C,C ∩ ([y] +Aǫ ∩ C)) < ǫ?
ON ASYMPTOTIC TRANSITIVITY IN BANACH SPACES 15
Aknowledgements. This article is part of the writer’s ongoing Ph.D. work, which
is supervised by H.-O. Tylli to whom I am grateful for careful suggestions about the
presentation. I am indebted to B. Randrianantoanina for suggesting the present
formulation of Theorem 2.3 in response to the author’s Licentiate Thesis [22]. I am
grateful to G. Lewicki for helpful comments regarding minimal projections. The
work has been supported financially by the Academy of Finland projects # 53968
and # 12070 during the years 2003-2005 and by the Finnish Cultural Foundation
in 2006.
References
[1] D. Amir, C. Franchetti, The Radius Ratio and Convexity Properties in Normed Linear Spaces,
Trans. Amer. Math. Soc., 282 (1984) 275-291.
[2] D. Amir, Characterizations of inner product spaces, Operator Theory: Advances and Appli-
cations, Vol 20 (1986).
[3] S. Banach, The´orie des Ope´rations Line´aires, Warsaw (1932).
[4] B. Beauzamy, B. Maurey, Points minimaux et ensembles optimaux dans les espaces de Ba-
nach, J. Funct. Anal. 24 (1977), 107-139.
[5] F. Cabello, 10 Variaciones sobre un Tema de Mazur, The`se, Universidad de Extremadura,
Badajoz, 1996.
[6] F. Cabello, Sur le proble´me des rotations de Mazur, Extracta Math. 12 (1997) 93-192.
[7] F. Cabello, Maximal symmetric norms on Banach spaces, Math. Proc. R. Irish Acad. 98A
(1998) 121-130.
[8] R. Fleming, J. Jamison, Isometries on Banach Spaces, function spaces, Monographs and
Surveys in Pure and Applied Mathematics, Vol. 129, Chapman & Hall (2006).
[9] C. Franchetti, The norm of the minimal projection onto hyperplanes in Lp(0, 1) and the
radial constant, Boll. Un. Mat. Ital B(7), (1990), 803-821.
[10] J. Becerra Guerrero, A. Rodriguez-Palacios, Transitivity of the Norm on Banach Spaces,
Extracta Math. 17 (2002), 1-58.
[11] V.I. Gurarij, Space of universal disposition, isotropic spaces and the Mazur problem on
rotations of Banach spaces, Sibirskij Mat. Zhurnal 7 (1966), 1002-1013.
[12] P. Habala, P. Hajek, V. Zizler, Introduction to Banach Spaces, Vol. I-II, Matfyzpress, (1996).
[13] W.B.Johnson, J.Lindenstrauss, Handbook of the Geometry of Banach Spaces, Vol I, North
Holland. (2001).
[14] H.E. Lacey, The isometric theory of classical Banach spaces Die Grundlehren der mathema-
tischen Wissenschaften, Band 208, Springer-Verlag, (1974).
[15] J. Lindenstrauss, L. Tzafriri, Classical Banach spaces II, Vol. 97, Springer-Verlag, 1979.
[16] W.Lusky, A note on rotations in separable Banach spaces, Studia Math. 65 (1979) 239–242.
[17] W. Odyniec, G. Lewicki, Minimal Projections in Banach Spaces, Lecture Notes in Mathe-
matics, Vol. 1449, Springer-Verlag.
[18] J.R. Partington, Maximal norms on Banach spaces, Bull. London Math. Soc. 17 (1985) 55-56.
[19] E.D. Positselkij, E.V. Tokarev, The Amalgamation Property in Classical Lebesgue-Riesz
Spaces, Banach Spaces with Almost Transitive Norm and Projection Constants, Preprint,
arXiv:math.FA/0206182, (2002).
[20] B. Randrianantoanina, A Note on the Banach-Mazur Problem, Glasgow J. Math. 44, (2002),
159-165.
[21] S. Rolewicz, On projections on subspaces of codimension one, Studia Math. 96 (1990), 17-19.
[22] J. Talponen, On the Banach-Mazur Rotation Problem, Ph.Lic. thesis, Helsinki (2005).
[23] D. Werner, Recent progress on the Daugavet property, Irish Math Soc. Bull No. 46 (2001),
77-97.
[24] G.V. Wood, Maximal symmetry in Banach spaces, Proc. Roy. Irish Acad. Sect. A 82 (1982),
177-186.
University of Helsinki, Department of Mathematics and Statistics, Box 68, (Gustaf
Ha¨llstro¨minkatu 2b) FI-00014 University of Helsinki, Finland
E-mail address: talponen@cc.helsinki.fi
